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Abstract— In this paper, outage probability caused by multiple
interferers in Nakagami-m fading channels is studied. A novel
method is proposed to derive the exact and closed form expres-
sions of outage probability in the presence of multiple Nakagami
independent cochannel interference. Unlike some previous con-
clusions, the method proposed in this paper is not only usable
with various integer Nakagami fading parameters or average
powers but also presents exact derivation of outage probability.
To circumvent the difficulties, proper iteration functions are
adopted by studying and integrating the definitions without
numerical integration and residue calculation. The method gen-
erally deals with the cases that with or without minimum level
constraint at the receiver for satisfactory reception. Finally,
the exact expressions are compared with previous proposed
approximated expressions and provide the understanding of the
nature of interference.
I. INTRODUCTION
The development of wireless communication is just the
history of interference. The interference analyses provide
understandings of the nature of interference to develop the
interference management and reduction techniques. Of all
frequency non-selective fast fading models, Nakagami-m dis-
tribution is the most versatile [1]. The interference analysis
in Nakagami-m fading channels is a general and essential
problem in wireless communication. Outage probability is one
of the most important criterion of interference performance.
Here, we will be concerned with outage probability caused by
interference in Nakagami-m fading extensively.
Only a few papers, but approximated methods, have been
proposed in previous work on the outage probability caused
by arbitrary Nakagami interferers [2-6]. Abu-Dayya, Zhang,
Tellamabura did notable work to derive the outage probability
with direct numerical inversion of the characteristic function
method (CHM). The basic problem commonly confronted was
to deduce outage probability from characteristic function, in-
cluding at least two fold integral for two inevitable processes:
1) Derive the inverse Fourier transformation of the charac-
teristic function of SIR.
2) Calculate the cumulative density function of the inverse
Fourier transformation.
Usually, the computation complex is too high to get an exact
closed form expression with arbitrary parameters. Another
method is proposed to get the approximated outage probability
[7]. Reig solved the problem with approximate distribution
of multiple Nakagami interferers. To the knowledge of the
authors, no exact closed form expressions have been given
in the literature. In this paper, we propose a novel method
to derive the exact form expression of outage probability
with multiple Nakagami interferers. In comparison with the
methods in literatures, three advantages of the new method
are obvious:
1) Closed and exact expressions of outage probability
caused by multiple Nakagami interferers with arbitrary pa-
rameters are given.
2) The outage probability caused by n + 1 interferers can
be easily iterated from the conclusion of n interferers.
3) Compared to the results with minimum level constraint,
the outage probability without constraint can be easily derived
by defining the receiver threshold as zero.
The remainder of this paper is organized as follows. Section
II formalizes the derivation of outage probability. In Section
III, the comparison and analyses based on different methods
in some special cases are studied. The precisions of different
methods are also discussed in Section III. Finally, extensive
understandings of the nature of multiple Nakagami interferers
and conclusions are drawn in Section IV.
II. FORMULATION
Outage probability is generally defined as the probability
of unsatisfactory reception. In practice, two criterion are
in common use. The first one is indicated to consider the
interference only which is useful in the interference dominant
conditions such as microcell and picocell network. However,
the outage probability caused by coverage is too significant to
be neglected when the cell size is large enough like macrocell
network. Compared to the first definition theoretically, the
second one is a modification with minimum signal power
constraint. The mathematical definitions of outage probability
is generally described as
Pout = 1−
∫ ∞
w
∫ ∞
λ
fx0,SIR(y, x)dxdy (1)
= 1−
∫ ∞
w
∫ λy
0
fx0(y)fI(x)dxdy
where fx0(·), fI(·) and fSIR(·) are the distribution functions
of signal, aggregate interference and the ratio of signal-to-
interference, respectively. The minimum signal level w is more
or less of the same magnitude order with local mean power,
978-1-4244-3574-6/10/$25.00 ©2010 IEEE
usually specified from −110dBm to −80dBm. λ is denoted as
the SIR protection ratio. The second definition can be regarded
as the first one when w = 0. Obviously, the outage probability
is obtained from a two fold integral.
In Nakagami channel, the power of signal and interference
can be described as follows
f (x;m,Ω) =
mm
Γ (m) Ωm
xm−1 exp
(
−m
Ω
x
)
, x > 0 (2)
where m > 0.5 is Nakagami fading parameter; Ω denotes the
local mean power; and Γ(·) is gamma function.
Let total interference be power addition of each interfer-
ence under incoherent assumption. Substitute (2) into (1), the
general expressions of outage probability with n interferers is
Pnout = 1−
∫ ∞
w
f (x0;m0,Ω0)
∫ x0/λ
0
f (x1;m1,Ω1) (3)
· · · ×
∫ x0/λ−n−1∑
i=1
xi
0
f (xn;mn,Ωn)dxn · · · dx1dx0
where x0,m0,Ω0, and xi,mi,Ωi, i ∈ [1, n] are the variables,
fading parameters and average power of the signal and the ith
interference, respectively.
Note that more than one interferers can be combined as
a single interferer if they have identical Nakagami fading
parameters m and average power Ω [3]. In the general case,
let mi = mj and Ωi = Ωj for i = j(i, j ∈ [1, n]). In the
intuitive view of definition, there appears to exist an analytical
solution of outage probability with proper iterative functions.
To guarantee the integrability, the definition in equation (3) is
slightly modified with sufficient condition
x1 =
{
xi| miΩi = maxj∈[1,n]
{
mj
Ωj
}}
(4)
Define
gi =
∫ κi−1
0
f (xi;mi,Ωi)
∫ κi
0
f (xi+1;mi+1,Ωi+1) (5)
· · · ×
κn∫
0
f (xn;mn,Ωn)dxn · · · dxi+1dxi
with κ1 = x0/λ and κi = x0/λ −
i−1∑
j=1
xj , i ∈ [2, n], then
∀i ∈ [1, n], we have
∃gi =
∫ κi
0
f (xi;mi,Ωi)× gi+1dxi (6)
Obviously, the outage probability with i+1 is easily derived
only with one more iterative function. And when i = 0, the
corresponding connection probability is defined as the signal
above the minimum level threshold
g0 =
∫ ∞
w
f (x0;m0,Ω0)× g1dx0. (7)
Also, the outage probability caused by n Nakagami inter-
ferers is given by
Pnout = 1− g0. (8)
with κi = κi−1−xi−1. Then, the processes of choosing appro-
priate iterative functions and derivation of outage probability
are listed as follows.
Step 1: The first fold integral is expressed by the incomplete
gamma function [8].
gn =
∫ κn
0
f (xn;mn,Ωn)dxn (9)
= 1−
Γ
(
mn,
mn
Ωn
κn
)
Γ (mn)
where γ(·, ·) is the lower incomplete gamma function. Substi-
tute equation (9) into (3), the outage probability is rewritten
as
Pnout = P
n−1
out +
∫ ∞
w
f (x0;m0,Ω0) · · · (10)
×
∫ κn−1
0
f (xn−1;mn−1,Ωn−1)
Γ
(
mn,
mn
Ωn
κn
)
Γ (mn)
dxn−1 · · · dx0
Obviously, the outage probability caused by n interferers
can easily iterated from the conclusion of n− 1 interferers.
Step 2: The second fold integral is expanded as
gn−1 =
∫ κn−1
0
f (xn−1;mn−1,Ωn−1)× gndxn−1 (11)
=
∫ κ−1
0
m
mn−1
n−1 x
mn−1−1
n−1 γ
(
mn,
mn
Ωn
κn
)
Ωmn−1n−1 Γ (mn−1) Γ (mn) exp
(
mn−1
Ωn−1
xn−1
)dxn−1
The relevant integral is written as
hn−1 =
∫ κn−1
0
xm exp (−βx) γ (s, c (κn−1 − x)) dx (12)
Theorem Let m > 0, β > 0, s > 0, u > 0, c > 0, and
km =
∫ u
0
xm exp (−βx) Γ (s, c(u− x)) dx. km is integrable
and can be represented as closed form expression. Then,
km =
m∑
i=1
Am,ie
−cuγ (s + i, (β − c)u) (13)
+
m∑
i=1
Bm,iu
ie−βu + Cme−cuγ (s, (β − c)u) + Dme−βu
where Am,i, Bm,i, Cm, and Dm also represent the constants
independent of the variable. The provision of the theorem is
outlined in Appendix I.
Accordingly, hn−1 is also integrable and can be rewritten
as closed form expression
hn−1 = Γ(s)β−m−1γ(m + 1, βκn−1)− kn−1 (14)
Step 3: Furthermore, we calculate the third fold integration
gn−2.
gn−2 =
∫ κn−2
0
f (xn−2;mn−2,Ωn−2)× gn−1dxn−2 (15)
The relevant integral is
hn−2 =
∫ κn−2
0
xme−βxhn−1dx (16)
⇔
m∑
i=0
∫ κn−2
0
An−2,ixme−βxγ (s + i, c (κn−2 − x))dx
−
m∑
i=0
Bn−2,i
∫ κn−2
0
xm+ie−βxdx
with constants An−2,i and Bn−2,i.
The closed form expression of the first term is given by
returning to step 2. And the second term is given by [9]
m∑
i=0
Bn−2,i
∫ κn−2
0
xm+i exp (−βx)dx (17)
=
m∑
i=0
Bn−2,iβ−m−i−1γ (m + i + 1, βκn−2)
Step 4:
Then, we go on to solve the fourth fold integration.
gn−3 =
∫ κn−3
0
f (xn−3;mn−3,Ωn−3)× gn−2dxn−3 (18)
The relevant integral is written as
hn−3 =
∫ κn−3
0
xme−βxhn−2dx (19)
⇔
m∑
i=0
∫ κn−3
0
An−3,ixme−βxγ (s + i, c (κn−3 − x))dx
−
m∑
i=0
Bn−3,i
∫ κn−3
0
xm+i exp (−βx)dx
Fortunately, equation (19) has the same structure of the
kernel with equation (16). Return to step 3 iteratively until
we get g1. The iterative process is discovered finally.
Step 5:
Besides the multiple interferers are considered, the outage
probability has to be integrated over the fading distribution of
the signal in such circumstance with and without constraint.
The system requires minimum level constraint when w > 0,
and vice versa.
g0 =
∫ ∞
w
f (x0;m0,Ω0)× g1dx0 (20)
The relevant integral is
h0 =
∫ ∞
w
xme−βxh1dx (21)
⇔
m∑
i=0
∫ ∞
w
A0,ix
m exp (−βx) γ (s + i, cx)dx
−
m∑
i=0
B0,i
∫ ∞
λ
xm+i exp (−βx)dx
The first integral term can be obtained in the similar way
in Appendix I. The second integral term is also given by [9]
m∑
i=0
B0,i
∫ ∞
λ
xm+i exp (−βx)dx (22)
=
m∑
i=0
B0,iβ
−m−i−1Γ (m + i + 1, βλ)
Note that equation (20) and (21) is integrable if m1/Ω1 >
mi/Ωi, for i ∈ (1, n], which is equivalent to the conclusion
in [5].
Step 6:
Finally, the outage probability Pnout is given by Equation
(8).
There are no approximations but closed expressions in
each step above. Therefore, the general outage probability is
inevitable to be exact and closed.
III. COMPARISON AND CASES STUDIED
A. Comparison With the Approximated Methods
Through the application of the general method described
above, one can derive the exact outage probability expressions
for many different generalized fading channels of practi-
cal interest. Although there are several methods proposed
to approximate the outage probability caused by multiple
Nakagami interferers, all the approximated methods proposed
can be categorized into Gamma distribution (GD) [2,7] and
characteristic function methods (CHM)[3-6]. Fig. 1 shows the
comparison between the exact expression (EE) method and
the approximated Gamma distribution method derived in [7]
and the CHM proposed in [3] . Note that both approximated
methods have excellent agreement. To evaluate the precision of
the approximated methods, the residue Δ of the approximated
methods is defined as a criterion.
Δ = |Pout − P̂out| (23)
where Pout denotes the outage probability derived by the exact
expressions mentioned above; P̂out represents the evaluated
outage probability given by the approximated methods. Fig.
2 shows the residue between the exact expression and the
approximated GD and CHM, respectively. The upper figure
illustrates the outage probability versus SIR threshold λ in
linear unit, and the lower one figure out the residue delta of
the approximated outage probability. Compared to the exact
expression above, CHM is obviously more precise than GD.
The residue of outage probability given by GD is about 10−2,
while the residue of CHM is more or less 10−15. However,
GD is absolutely exact only if all the interferers power are
independent and identically distributed random variables for
the virtue of GD.
Wireless communication system is usually modeled as a
power decay system due to electromagnetic radiation. Here, an
exponential power decay profile with decay factor δ is used to
model the power imbalance, so that Ω˜i = Ωie−δi, i ∈ [0, n].
Outage probability and approximated results obtained by the
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.
EE, GD and CHM are considered in Fig. 3. Note that the
approximated methods GD and CHM also have high precision.
Fig. 4 illustrates the residues of GD and CHM deviating from
EE in different conditions. Moreover, it is rigorous to for
the GD method to be absolutely exact. In addition to the
identical fading parameters and average power, the identical
delay factors are also necessary. In addition, the complexity
of EE, GD and CHM are listed as follows. Obviously, the
complexity of EE is of the same magnitude O(
n∏
i=1
mn) with
CHM in [2]. Another CHM proposed by Zhang has excellent
performance both in precision and complexity O(n2). So far,
GD is the simplest method.
TABLE I
LAPLACE TRANSFORMS OF SEVERAL CHANNEL MODELS
Methods EE GD CHM
Complexity O(
n∏
i=1
mn) O(n) O(n2) or O(
n∏
i=1
mn)
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B. Cases Studied
In this section, we consider the special cases in linear
coverage network illustrated in Fig. 5, which is representative
in highway or railway systems. All the transmitters are located
along the railways or highways with high power but no
power control to ensure the safety and seamless coverage. The
radius of the cell is R km, and the nearest two transmitters
with the same frequency is D km apart. Therefore, there are
mainly two strong interferers even with line of sight (LOS)
around the service cell. Extensive interference analyses can
provide understandings of the nature of interference to develop
the interference management and reduction techniques. For
example, we consider different Nakagami fading parameters
and average power with two interferers. Fig. 6 shows the exact
outage probability for different network parameters. Note that
it can usually satisfy the outage probability below 10−2 when
SIR threshold is below 9 dB if reuse factor D/R is more than 4
[10]. It is observed that as receiver SIR threshold increases, the
outage probability degrades significantly with other parameters
fixed. Compared curve a with d, more than 90% outage can
be eliminated if SIR threshold is dropped from 15 dB to 9
dB. In addition, outage probability is liable to be affected by
the signal channel according to curve a, b and c. However,
minimum signal level w has little impact on outage probability,
especially for the low w range.
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IV. CONCLUSION
A novel method to derive the exact form expressions of
multiple Nakagami interferers with arbitrary parameters has
been investigated in this paper. More specially, with the con-
sideration of such circumstances with or without minimum sig-
nal level constraints, exact and closed-form expressions have
been derived for general situations. The final conclusions have
been compared with the approximated Gamma distribution and
characteristic function method to verify the precision and the
residue of the approximated methods. Generally, compared
with EE, CHM is more precise than GD. GD has deviation
from EE about 10−2, while CHM has derivation from EE
about 10−15. The method obtained has also been applied in
linear coverage network as special cases studied to provide
understandings of the nature of interference.
APPENDIX I
To verify (13), the integration by parts is applied.
km =
∫ u
0
xm exp (−βx) Γ (s, c (u− x)) dx (24)
= −x
m
β
exp (−βx) Γ (s, c (u− x))
∣∣∣∣
u
0
+
1
β
∫ u
0
mxm−1Γ (s, c (u− x)) exp (−βx) dx
− c
β
∫ u
0
xm+s−1 exp (−c (u− x)) exp (−βx) dx
=
m
β
km−1 − ce
−ucγ (m + s, (β − c)u)
(β − c)(m+s) β
− u
mΓ (s) e−βu
β
=
m
β
km−1 +Ame−ucγ (m + s, (β − c)u) +Bmume−βu
Here, km is an iterative function of km−1. Am and Bm are
the constants independent of u. When m = 1, the initial term
k1 is
k1 =
∫ u
0
x exp (−βx) Γ (s, c (u− x)) dx (25)
= −Γ (s) e
−βu
β2
− uΓ (s) e
−βu
β
−ce
−ucγ (s, (β − c)u)
β2 (β − c)s −
ce−ucγ (1 + s, (β − c)u)
(β − c)(1+s) β
= A1e−ucγ (1 + s, (β − c)u) + B1ue−βu
+C1e−ucγ (s, (β − c)u) + D1e−βu
Substitute (25) into (24),
km =
m∑
i=1
(
Aie
−ucγ (i + s, (β − c)u) + Biuie−βu
) (26)
+Cme−ucγ (s, (β − c)u) + Dme−βu
where Ai, Bi, i ∈ [1,m], Cm and Dm are also the constants.
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